Abstract. A table of units and class numbers of real cyclic sextic fields with conductor /6 ^ 2021 has been given by the second author [13] . We first fill in the gaps in [13] and then construct an extended table for 2021 < /6 < 4000. The article contains results about Galois module structure of the unit group, relative norms of the units, and ideal classes of the subfields becoming principal in the sextic field. The connection with Leopoldt's theory [11] is described. A parametric family of fields containing exceptional units [14] is constructed. We give statistics referring to class numbers of fields with prime conductor, the appearance of units of different types if the relative class number is > 1, Leopoldt's unit index, and the signature rank of the unit group.
1. Introduction. A table of units and class numbers of the 1337 real cyclic sextic fields K6 with conductor/6 < 2021 has been given by the second author [13] . In this table there are 12 gaps (included in the cardinality 1337), the reason for the failure being in 6 cases similar gaps in M.-N. Gras's table of cyclic cubic fields [5] , and in the 6 other cases, the appearance of too large numbers which the program could not handle. Since it seems to be of importance for many purposes to have a complete result reaching as far as possible, we have taken up the work and have constructed an extended table of the 1743 fields K6 with 2021 < /6 < 4000. M.-N. Gras 's table of real cyclic quartic fields, [6] and [7] , and the main table in [5] also have the same range, i.e., conductor < 4000, but in [3] the first and third author have obtained the result in the cubic case up to conductor < 16000.
The efficient multiprecision routines developed in [2] and [3] enabled us first to fill in the gaps in [5] and then complete the computations in the 12 open sextic cases as well as in other difficult large cases. Hence, the table in [13] and the new one together provide a complete answer for all real cyclic sextic fields with conductor < 4000.
The gaps in [5] have independently been filled in by Godwin [4] whose method is entirely different from ours, the latter being based on the same adaptation of the Voronoi algorithm we used in [2] .
The present paper should be regarded as a supplement to [13] . We use the same terminology and notation with one exception: the ambiguous term "/6 is decomposable" is replaced by the more accurate "x6 is decomposable". See Section 2 for an explanation and for a list of additional notation.
In Section 3 we make a comparison between the terminology in [13] and the one of Leopoldt [11] applicable to any real abelian field. Although the latter is unnecessarily complicated in the cyclic case it has also been used there (e.g., in [6] and [7] ) for the sake of uniformity. In addition, we give some supplementary remarks to [13] . Section 4 contains a description of the unit group as Galois module. This module structure is easily derived from known results about integral representations of the Galois group.
In the computations an important part is played by the relative norms of the unit i-A defined in [13] . In Section 5, we obtain rather precise information about these norms by a simple argument.
The next three sections are concerned with capitulation of ideal classes, i.e., nonprincipal ideal classes of subfields becoming principal in the sextic field. In the real cyclic quartic case the analogous question has been investigated by M.-N. Gras [6] , [7] . For the quadratic and cubic subfield separately we prove practical criteria by means of which we have been able to verify that such a capitulation takes place for /6 < 4000, provided that certain natural necessary conditions are satisfied. In the course of the investigation we need elements of K6 satisfying Hubert 90 for either subfield and for various units of K6. In particular, for the quadratic subfield and for a generating relative unit !-R we define in a natural way such an element denoted by w. An examination of the possibility w = 0 incidentally leads to a parametric family of fields K6 containing exceptional units (in the sense of Nagell [14] ) which do not belong to any of the proper subfields. The family can also be chosen so that four independent units have parametric representations but we have not been able to find such a representation for a missing (quadratic) unit.
In the new table the fields are listed in practically the same format as in [13] . The slight format changes are indicated at the outset of Section 9. The bulk of Section 9 consists of statistics. We first give a list of all fields K6 such that the conductor f6 is a prime < 4000 and the class number h6 > 1. Next we divide all fields K6 with relative class number hR > 1 into 16 different types depending on the existence of units of different kinds, and we give the frequencies of fields belonging to each type.
The fields belonging to scarce types are identified explicitly. The ensuing table contains statistics referring to the signature ranks for X6 decomposable or nondecomposable separately. In the next table we have gathered all cases in which the norm-positive cubic units are totally positive. A knowledge of these cases is of importance, e.g., in questions concerning the signature rank. Further, we consider the distribution of the values of Leopoldt's unit index QK. We conclude the paper by indicating a frequently occurring connection between the relative class numbers of distinct fields K6 having the same conductor and the same quadratic or cubic subfield.
The bulk of the program is constructed for the UNI VAC 1108 system using FORTRAN V programming language. Some auxiliary computations have also been done on the DEC-20 computer. We express our appreciation for the cooperation we have received from the members of the staff of the Computer Centre at the University of Turku. We are particularly obliged to Mr. Jussi Salmela, M. Sa, for his generous help, and to Mrs. Marjo Henriksson for writing the data on a magnetic tape. The work has been supported financially by the Academy of Finland.
2. Notation. The present paper is a continuation of [13] and we use exactly the same terminology and notation throughout with one exception. The term "conductor /6 is decomposable", adapted directly from [9, p. 60], is replaced by "the character X6 is decomposable" used, e.g., in [11] . The reason for this is the following annoying fact. Let p be either 9 or a prime = 7 mod 12. Then, in the old terminology the sextic conductor f6 = 8/? is decomposable if f2 = 8, but nondecomposable if f2 = %p/(p, 3). In both cases/3 = p, and there are exactly 25 such values of p < 500. On the other hand, it is easily seen that these values of fb are the only ones for which such a dubious situation occurs.
First, we recall from [13] some of the most common notations. For n e {1, 2, 3, 6}, Kn is a real cyclic extension of degree n over Q having conductor/,, class number hn, ring of integers &n, and unit group Un. We write/2 = m or 4m, where m is a square-free integer, and/, = (a2 + 3¿2)/4, where a and b satisfy the normalization conditions [13, p. 6, (3) ] introduced by Hasse [9] . Sn/q and Nn/ are the trace and norm from Kn to Kq. G = (a) is the Galois group of Kb, and the conjugates of a number y G Kb are y, y' = y", y" = y"', etc. The fundamental unit of K2 is denoted by jtt, and t is a norm-positive cubic unit such that (-1, t, t') = f/3. Finally, UR = (e g Ub1 A/6/3(e) = ±1, N6/2(e) = ±1} is the group of relative units, and £R is a generating relative unit, i.e., (-1, £R, £'Ä) = UR.
If a is an integral ideal of any of the rings Qn then divisibility by a and congruence modulo a are defined in a natural way in the ring consisting of the numbers of the field Kn representable as a quotient of numbers of 0n with denominator prime to a. In particular, if p is a prime ideal and y is p-integral, then p* || y and vv(y) = k both mean that y = Omod p\ y * Omod pk + lThe cyclotomic field Q(^) = Q (exp(2îri/Â:)) is denoted by C(k). In Section 4, R denotes the integral group ring Z[G]. For any subgroup U of U6 we write \U\ = {|e| | e e U). The unit index from Leopoldt [11] is defined as QK = [Ub : U2U3UR] and it is easy to see that '12 iîN6/2(U6) = U2and (-1)N6/3(U6) = U3, 3 if Nb/2(Ub) = U2and (-1)N6/3(U6) * U3, 4 if Nb/2(Ub) * U2 and <-1>iV6/3(£4) = U3, 1 if N6/2(U6) * U2and (-1)N6/3(U6) * U3.
In Sections 6, 7, 8 we shall assume that Nb/2(£R) = 1 which can be achieved by changing the sign of £R if need be. This condition is not necessarily satisfied in the tables. We write £R = a + ß{m, where a, ß G K3. We take u = t"1 + itf"'1 + è'RT'~l. For n = 2 or 3, UR" = {e g Ub \ Nb/n(e) = I), Cl"(c) is the ideal class of K" containing a given nonzero fractional ideal c, and #6/n = (Cl"(c) | t&b = y&b for some y g Kb \ {0}} is the group of ideal classes of Kn becoming principal in Kb.
For any other undefined notations appearing in the text one should consult [13, pp. 196-198] . 3 . Connection with Leopoldt's Theory. For a unified theory of units and class numbers of real abelian fields, the concepts introduced by Leopoldt [11] are indispensable. In the cyclic case the situation is much less complicated, and it is enough to apply Satz 9 in Hasse [10, p. 40] as was also done in [13] . Anyway, it is useful to have an explicit list giving the translation of the basic concepts in [11] into our notation as follows: In this In [13, p. 17 ; cf. also p. 59] the second author introduced the group £/6* = U2U3URYb. The index [Ub : £/6*] = 1, 3, 4 or 12 depending on the existence of certain units £B, ¿c. In order to compute the value of hR from (3.2) one needs the index of U2U3Yb in U*. It is not hard to infer from the considerations in [13] that, in fact, Consider now the Ä-module |l76| = {|e| |e g Ub). It is not hard to see that \U2U3\ = (ft, |t|, |t'|> = {x G \Ub\\ x^"*1-2> = l} s M0,
Therefore, \Ub\ is also an extension of Mx by MQ.
Theorem 1. The structure of the R-module \Ub\, in particular its decomposition into indecomposable direct summands, can be described as follows:
Proof. As stated above, we consider \Ub\ as an extension of |l76|/|l72í/3| by \U2U3\. Let A be a cocycle corresponding to this extension and choose AGHomz(|c76|/|«72í/3|,|í/6|) to satisfy p ° X = 1 and (4.1), mutatis mutandis. From the equations (4.2) we get
In the case QK = 12, we thus find immediately that \Ub\ = M. Consider now, e.g., the case QK = 4, i.e., /a = 0, gA * 0.
Then \Ub\ is isomorphic to a direct sum of R/(l + a)R and an indecomposable extension of R/(l -a + a2)R by R/(l + a + a2)R. The latter is necessarily isomorphic to R/(l + a2 + a4)R. In the other two cases one can argue similarly. This notation enables one to state the results below in a compact form covering both the decomposable case and the nondecomposable ones.
The relative norms of the unit iA to the fields K2 and K3 are important characteristics, and the numbers u, v, w defined by
Nb/3UA)= ±tV, N6/2(iA) = ±nw are listed in the tables. We shall now derive rather precise results about these numbers. In the subsequent discussion n = 2, 3 or 6. Let £" be "die Basiszahl der Kreiseinheit" in Leopoldt's terminology. From [11, p. 37, (3) The formula has been written with an extra factor 2 in the exponent in order to ensure that the number upon which \ -a operates belongs to Kn. We also denote briefly £ = |6, tj = t¡6. Note that è,A = ¿ if Xà is decomposable, and i-A = r/ otherwise.
From [9, p. 67, (6*)], we have Wn= n (l-ai«,^)"1).
Here we take n = 2 in (5.6) and (5.7). Since a(2, p) = (f2/p) the assertion (i) follows immediately. Suppose therefore that (f2/p¡) = -1 for each ; and consider first the case X ¥= 2. (ii) Otherwise u2 -uv + v2 = 3" + K~1h3.
Proof. If y ¥= ± 1 is a unit in U3, lety'(y) denote the index [f/3 : (-1, y, y')]. Using this notation (5.5) takes the form h3 = j(r¡3). A simple computation gives
Take n = 3 in (5.6) and (5.7) and put P = p\p2 ■•-/>"= fb/fi-Define o(x) for any integer x prime to f3 by
According to the agreement in [13, p. 9 and p. 12], the choice of a and X3 was made so that for (x, f3) = 1 the automorphism of C(f3) induced by f/3 >-» Çf and a have the same restriction to the field K3 if and only if X3(x) = P-Therefore, the element W3 in (5.7) is w3 = n(i -*(/»». pip 6. Ideal classes of subfields becoming principal in Kb. Although the class number hb is divisible by the product h2h3, it is not always true that the ideal classes of the subfields are mapped injectively under the natural mapping induced by the inclusion. This phenomenon of capitulation has been studied by M.-N. Gras [6] , [7] in the case of a real cyclic field of degree four. Here we shall carry out a similar investigation in the sextic case. We remind the reader of the notations introduced in Section 2. In particular, we shall assume that Nb/2(^R) = 1. We note that N6/3(e) = 1 for each e£i/, [13, p. 14, (22)]. In the following discussion n = 2 or 3, indicating that the subfield under consideration is Kn.
Suppose that Cl"(c) G (êb/n and that tOb = yOb for some y G Ä"6\ {0}. It is obvious that the assignment g"(Cl"(c)) = y1~""Ub~''" gives a well-defined homomorphism gn: (€b/n -* URn/Ubl~a". Further, it is easy to see that gn is injective.
Suppose, namely, that y1"0" = e1-"", where e g U6. We have y/e = (y/e)"" so that y/e G Kn. Since cd>6 = (y/e)0b it follows that c = (y/e)0n belongs to the principal class.
Suppose now that eUb~a" is an arbitrary element of URn/Ub~a". By Theorem 90 of Hubert there is a y g 06\ {0} such that e = y1""". Since the automorphism a" leaves the ideal y@b fixed, we have
where c is an ideal of On and the p,'s are distinct prime ideals of 0b which are ramified in Kb/Kn. We may assume that, for each i, p, + c so that v¡ = Pv(y). Lemma 1. We have eUbl~a" g Im(g") // and only if nv¡ = 0 mod 6 for i = 1, 2,...,h.
Proof. Both conditions are clearly equivalent to the fact that yOb = c06b for some ideal c0 of On. D
The number u was defined as to = t"1 + |ät"_1 + í'Rr'~l. We have to" = £~Ra so that w satisfies Hubert 90 in the extension Kb/K2 for £R provided that to ¥= 0. Here we shall investigate the possibility to = 0 which incidentally leads to a parametric family of relative units in certain fields Kb. More generally, we shall prove the following result. In what follows, we exclude the exceptional case and we assume further that M is not a square in Z. We write M = c2m as indicated and define ip by (6.1). We have where y ^ K3, and the last condition (6.2) also gives (6.6) 8~l + y8"~l + y'8'~l = 0.
Applying the automorphism a twice to (6.6), we get a system of three equations from which we can solve y, y', y". In that way we obtain y = (-S 2 + 8'~2 -8"~2)/(28') and the condition Nb/3(\p) = 1 gives elm = M = c2m, i.e., c* = ±c. D Consider, in particular, the case q --s -3, i.e., Irr(ó\ Q) = x3 -sx2 -(s + 3)x -1. This polynomial is clearly irreducible in Q[x] for any integer s. The discriminant of the polynomial is (s2 + 3s + 9)2 so that Q(o)/Q is cyclic. In this case, we have M = q4 -4sq2 + %q = s4 + 8i3 + 30s2 + 64s + 57. E.g., for s = 1 mod 8 it is easily seen that M = 32 mod 64 so that, for these values of s, M is not a square in Z. Further, it is not hard to see that s2 + 3s + 9 is square-free for infinitely many 5 = 1 mod 8, and, therefore, there are infinitely many different fields K3. In the corresponding family of sextic fields we have an explicit system [8, 8' , \p, \p'} of four independent units. Unfortunately, we have not been able to find an expression for a missing fifth unit in terms of the parameter s.
It is of interest to observe that if a unit i¡¿ satisfying (6.2) exists in K3(i/m) then i//56"-1 is an exceptional unit in the terminology of Nagell [14] .
7. Classes of K2 in Kb. In this section we shall assume that to = t_1 + ¿«t""1 + ¿/jt'-1 + 0. Namely, by Theorem 4 it is obvious that if the original to vanishes, we obtain a nonzero « on replacing £R by £'R. We denote £R = a + ß-fm, where a, ß g K3. It follows easily from N6/2(£R) = N6/3(£R) = 1, that (7.1) i*-«1-2, (7.2) to1+°3 = S3/1(t-2 + 2«t')g Z.
In the verification it is useful to note that, in particular, tR£'R = ¡i'R.
From [8, {r'\i = 0,1,2} ifNb/2(Ub)=U2, {tVr I i,j = 0,1, 2} ifNb/2(Ub) * U2.
Proof. If t G t/61_0 there exists an e g Ub such that t = e1_° . Taking norms, we have t2 = E^ + "}^'"2\ So that (5.8) implies
which is impossible. In the case Nb/2(Ub) = U2 the assertion therefore follows from (7.3) and (7.4).
Suppose now that Nb/2(Ub) # U2 and that t'£r = el~°" for some i g {0,1,2} and some e g l76. On multiplying e by ±¡ik for a suitable k, we may assume that N6/2(e) = 1. Taking norms, we have t2' = e(1 + ° ,(1~0 ' which, for i ¥= 0, leads to the same contradiction as above. Thus, i = 0, £R = e1"" and e(1 + ff )<1_° > = 1. It follows that e1+°3 g K3 n K2 = Q, i.e. e1+°3 = ±1. Therefore, e g Ur. However, from £R = e1 "° it is easy to infer that The following theorem gives a practical criterion by means of which we have been able to establish the truth of the above conjectural fact for every field Kb up to k < 4000. (ii) Put yl = c¿ + °}. We have (7.5) <p = T"1 + ar"-1 + aV"1, t// = ßr"'1 -ß'r"1, and from (7.5) and (7.2), (7.6) cp2-m^2 = A = S3/x(^'1)-Since/) + 2/2, the number ß is p-integral so that (7.5) implies (7.7) <p = (1 -I-2a)T_1 mod p, i// = 0modp.
It is clear by (7.7) that p | to iff a = -\ mod p and that these conditions follow from j'p(co) * 0 mod 3. We therefore assume that p | to and contend that »^(to) * 0 mod 3. We note that the following result holds:
This follows immediately from S3/1(y) = 3y mod p and p + 3.
We shall show first that v0(uV) * 0 mod 3. Suppose, namely, that rp(t//) = 3«. Then r'typ'" is p-integral and not divisible by p. On the other hand, by (7.5),
which contradicts (7.8).
We shall show next that vp(<p) * 0 mod 3. Suppose, on the contrary, that vp(<p) = 3n. From (7.6), we have vp(A) = vp(q>2) = 6n and S3/1(<pt_1) = 0 mod p2n. On the other hand, cpT~lp~" is p-integral and prime to p so that (7.8) implies p~"S3/x(<pT~1) 0 0 mod p, a contradiction.
From (7.6) we now have vp((p) = vp(\p) = n, say, where 3 1 n. Since u = <p + i|/vW and co + to"' = 2<p, it follows that p" ||(to, u'"). Since vp(u) + vp(u'") = vp(A) =■ 0 mod 3, it is clear that vp(u) * 0 mod 3.
(iii) The conditions (7.7) are plainly also true in the case p = 3. From A = S3/1(<PT-1) = 0 mod3 we have p | <p whence by (7.7), a = 1 mod p. From the equation (a + l)(a -1) = mß2 we find that p | ß, i.e., / > 0 and then vp(a -1) =
21.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Case 1. 3k < 21. Since k > 0 we have / > 1 and we thus contend that vp(u) = 0 mod 3. Writing (7.9) <p = VÎT'1) +(a -IJt""1 +(<*' -l)^"1 we find that vp(<p) = 3k. It is clear by (7.6) that if vp(\p) m 0 mod 3, then necessarily vp(\p) > 3k. Using the same argument as at the end of (ii), we obtain first vp((u, <¿'")) = 0 mod 3 and then vp(w) = 0 mod 3 as asserted. Case 2. 3k > 21. We shall use the following easily proved fact:
(7.10) If y g K3 is p-integral, then p" | y implies p" + 21 S3/X(y).
From (7.9) we have In the case (7.12) we have ^(^4) = vp(<p) -0 mod 3 in the equation^ = <p2 -mi//2 whence, either vp(4>) > vp(tp) or vp(\¡/) = 0 mod 3, and the same argument as above gives vp(io) = 0 mod 3.
Suppose now that (7.13) holds. In the equation t"1 = r'ß -r"ß' = (t' -r")ß + t"(cx + c2)(6 -0') + 3c2t"6'
we have pp(3c2t"6') = 1+1 while the other terms on the right-hand side are divisible by a higher power of p. Hence pp(\¡/) = I + 1 and the assertion vp(tc) = 0 mod 3 follows by the standard argument. Proof. Suppose that there exists an e2 g U2C\ Ub~G . Write e2 = e1-" , where e g Ub. We have (£4e-2)1-o3 = e2(i + "3)=1;
so that e4e22 G U3. From [13, p. 15, Theorem 2] we get e2e21 = e3, say, where e3 g U3. From [13, p. 21, Theorem 9] we know that 0b has a system of fundamental units containing {¡i, r, t'}. Since e2e3 is a square in Ub, ±e2 is a square in U2 and ±e3 is a square in U3. If, in particular, e2 = -1, then e g U3 which leads to the contradiction -1 = e2 = e1" = 1. Since ju g Ur3 if a = 2, the assertion is plainly true for 67 = 3 or 2 by (8.1) and (8.2).
Suppose, therefore, that q = 1 or 0 so that Nb/3(U6) = (-l)U2 or U3. Let e2 g U2 and eR g UR and suppose that e2er g U2UR D Ub~" . Denote e2eÄ = e1"" where e g U6. As above, we have first and then e2e21e^1 = e3, where e3 g U3. Hence e2 = Nb/3(e)2 so that e3 = ±Nb/3(e) G (~l)Nb/3(Ub) = (-l)U2.
Therefore, ±e3 is a square in U3. Further, Nb/2(e)2e23 = ±1 so that ±e2 is a square in U2. Finally, of course, ±er is also a square in UR. It is now easy to deduce the assertion from (8.1), (8.2) and the results in the first part of the proof. D Theorem 7. // e2 g U2 n UR3\ Ub "' and eR<= URd UR2, then e2eRUbl~"} <£ Im(g3). In particular, <$b/3 = 1 if (-l)Nb/3(Ub) = U3.
Proof. The proof is similar in structure to that of Theorem 5. From Hilbert 90 we have £2£R = y1_" for some y g 06\ {0}. If £2£Ri/61_° g Im(g3), there exists an ideal c of 63 such that yOb = c(Pb. Taking norms, we have Nb/2(y)Ob = N3/X(c)6b = cOb, say, for some c g Z. Therefore, Nb/2(y) = ce, where e g U2. Hence, £2 = N6/2(e2eR) = £1_° . It follows from £2 g UR3 that e2 g U¿~° and thus, also, £2 g Ub ~" , contrary to the hypothesis. The rest of the assertion is clearly true. D From now on, in this section, we shall assume that (-1)tV6/3(c76) ¥= U3, i.e., q = 1 or 0. It is clear from Lemma 4 and Theorem 7, that Im(g3) is either 1 or {€*&'£#~°31 k, I = 0,1}, i.e., #%b/3 = 1 or 4. The latter alternative holds true for every such field Kb with h3 = 0 mod 4 up to/6 < 4000.
A number satisfying Hilbert 90 for £R is 1 + l-R, i.e., Our aim is to construct a criterion analogous to Theorem 6 which, however, will be of somewhat different type. For that purpose we need some auxiliary results. (ii) Ifa = b=l mod 2, then 2 \ 1 + |« and ((1 + tR)/2,2) = 1.
Proof. We shall use the following well-known fact: (8.5) The prime 2 is inert in K3/Q if and only if a = b = 1 mod 2.
We prove (i) first. If 2 | mß it follows from (a -l)(a + 1) = mß2 that a = 1 mod 2. We shall therefore assume that m = 3 mod 4, a = b = 1 mod 2 (i.e., 2 is inert in K3/Q), 2 \ ß, and show that these assumptions lead to a contradiction.
Since [1,0,0') is an integral basis for ß3 and ft is odd, it follows from the expression of 0' [13, pp. 8-9] , that {1, 6, 62} is a local integral basis at the prime 2. Replacing 6 by one of its conjugates if need be, we may assume that ß = h + kB mod 2, where h,k g {0,1}. Let a = <? + r<? + so2 mod 2, where q, r,s g {0,1}.
Suppose first that s = 1. We have 64 = e + 6 + 62 mod 2, where e = 1 if 3 1 /3 and e = 0 if 3 | /3. From a2 -»i/32 = 1 we get h + q + e + 0 +(k + r + l)62 = 1 mod 2, a contradiction. Hence s = 0 and we have similarly (8.6) q2 -mh2 + 2(qr + hk)0 +(r2 -mk2)B2 = 1 mod 4. In particular, r2 -mk2 = 0 mod 4 whence r = k = 0 because of the assumption m = 3 mod 4. Since 2 + /}, we have A = 1 so that 67 = 0 by (8.6) . Then 2 | a, so that 7V6/2(|R) = 1 implies mN3/x(ß)\fm = 1 mod 2, a contradiction because m = 3 mod 4. This completes the proof of (i). (ii) The number a is congruent to a rational integer mod P.
Proof. Let p be a prime ideal of 0b which is ramified in Kb/K3. Write p n Z = pZ. If p is ramified or inert in A^3/Q, then fp(l + £R) = 0 mod 2 by Lemma 7, and, on the other hand, no condition upon a mod p is imposed in (ii). It is therefore enough to assume that/? splits in K3.
We consider first the case p # 2. As in the proof of Lemma 7 we have ßyW = ß'v'm s ß"{m = 0 mod p. If a = c mod;?, where c g Z, it follows from a2 -m/}2 = 1 that c2 = 1 mod /?, and from 1 = N6/2(j-R) = aa'a" mod p that c3 = 1 mod p. Thus c = 1 mod p and 2(a + 1) = 4 mod />. Hence, none of the conjugates of p divides 1 + i-R by (8.4) . Suppose, on the contrary, that a is not congruent to a rational integer mod p. It follows from (a -l)(a + 1) = mß2 = 0 mod p that for some prime ideal p of 6b dividing p we must have p | a + 1, because otherwise a = 1 mod p contrary to the hypothesis. Furthermore, by (8. Tables and Statistics. The table containing the 12 cases missing from [13] and the 1743 fields with 2021 < fb < 4000 has been deposited in the Mathematics of Computation's UMT-depository. The data in the table are listed in the same format as in [13] with the following slight changes. Firstly, no distinction is made between the cases rl and r2 when hR = 1. Secondly, let £* be any of the units whose coordinates multiplied by k [13, p. 68 ] are listed in the table. Here * stands for any of the letters A, R, B, C. Denote Â:£* = c0 + cx6 + c26' + (d0 + dx8 + d20'){m, where c¡, d¡ g Z. These numbers are arranged in the form of the matrix / c0 cx c2 \ \d0 dx d2j
as in [13] if there is enough space for that. If not, they are written one underneath the other in the natural order c0, cx, c2, d0, dx, d2.
In each of the 12 cases missing from [13] 2 3 There are 131 prime sextic conductors fb less that 4000. They are of particular interest for a number of reasons, especially because of the following well-known fact: If f6 is prime and L is any subfield of C(fb) containing Kb, then the class number of L is divisible by hb. For an interesting historical remark concerning a closely related result see [1, p. 219, Footnote 3] . There are exactly 43 prime sextic conductors fb less than 4000 such that the class number hb = hRh2h3 > 1. These conductors and the class numbers hR,h2,h3 are listed in Table 1 .
We note that all statistics we give in this paper concern the total range 1 < fb < 4000 and thus include the statistics in [13] . There are altogether 419 fields Kb with f6 < 4000 such that hR> 1. These fields can be divided into 16 different types depending on the expression of £R in terms of £0 and £0 and on the existence of £B or £c. A similar division was exercised in [13] but only 8 types emerged there. In Table  2 we give for each type the relative class number hR and the number of fields License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use The unit index QK is not listed in the tables but it is easily determined by means of the following two rules: Nb/2(Ub) * U2 <=» 3 | w and £B does not exist, (-l)Nb/3(Ub) * U3 » 2 | u, 2 | v and £c does not exist. In conclusion, we would like to draw attention to a rather frequently occurring connection between the relative class numbers hR of distinct fields Kb having the same conductor fb and the same subfield K2 or K3. Consider values of /such that for n = 2 or 3 there is a quadratic (resp. cubic) field Kn contained in more than one sextic field Kb having conductor /6 = / at least one of these fields Kb having relative class number hR divisible by 6/n. Let P(f, n) denote the following property:
For any given quadratic (resp. cubic) field Kn the relative class numbers hR of the sextic fields Kb having conductor fb= f and containing K" are either all prime to 6/n or all divisible by 6/n.
The values of / satisfying the preliminary requirement above are the following ones:
